For the vertex corrections to the partial decay rate Γ(Z → bb) involving the top quark only the leading terms of order αα s in the 1/M t expansion are known. In this work we compute the missing next-to-leading corrections. Thus at O(αα s ) the complete corrections to the decay of the Z boson into bottom quarks are at hand.
Introduction and notation
At the Large Electron Positron collider (LEP) at CERN approximately four million decays of the Z boson per experiment have been observed. Because of this enormous statistic a lot of observables have been measured with very high precision -sometimes in the region of a few per mille or even below. Also the hadronic decay of the Z boson has been measured to an accuracy of roughly 0.1% and amounts to Γ had = 1742.4 ± 3.1 MeV [1] . From the theoretical side also a lot of effort has been undertaken in order to give a precise prediction for Γ had . The QCD corrections are known up to O(α 3 s ) both in the massless limit [2] and at O(M 2 q /s) [3, 4] . A complete O(α 2 s ) result [5] and the leading terms at O(α 3 s ) [6] are available for the singlet contribution (for reviews see also [7, 8] ). Concerning purely electroweak corrections a complete calculation is available at one-loop level [9] , whereas at two loops the leading terms in M t are known [10] . The mixed corrections of O(αα s ) for the decay of the Z boson into the quark flavours u, d, s and c were considered in [11, 12] . From these results also those O(αα s ) contributions to Γ(Z → bb) can be extracted where a Z boson is exchanged between the bottom quarks. For the other class of diagrams contributing to the decay into bottom quarks, namely those involving W bosons and top quarks in the loop, only the leading M 2 t corrections [13, 14] and the ln M 2 t terms [15, 16] are at hand. In this work we close the gap and provide the constant term at next-to-leading order. In addition three more terms in the high-M t expansion are computed. It will be demonstrated that these five terms provide a reliable result with negligible errors.
It is useful to distinguish in the decay of the Z boson between universal and nonuniversal corrections. Universal terms are independent of the produced fermions and arise from corrections to the gauge boson propagators. The non-universal corrections, sometimes just referred to as vertex corrections, depend on the fermion species considered. Of special interest is thereby the decay into bottom quarks since in this case an additional dependence on the top quark mass appears.
The partial decay rate of the Z boson into bottom quarks can be written in the form 
is the contribution from the Feynman diagrams depicted in Fig. 2 .
In principle there are several options to write down an equation for Γ(Z → bb) containing the radiative corrections. Eq. (1) is only one possibility. Often parts of the vertex corrections are comprised into so-called effective couplings and the QCD corrections are described by a factor (1 + α s /π). This will be discussed in Section 3 where the results are presented. In the next Section some details on the calculation are given.
The calculation
In the following the method used for the calculation is briefly described. Instead of directly computing the two-loop vertex diagrams the three-loop polarization function of the Z boson is considered. The imaginary part then immediately leads to contributions to δΓ W b . This avoids the separate treatment of infra-red and collinear divergences and has the advantage that the advanced computational tools available for two-point functions can be used. In addition, as the top quark is much heavier than all other mass scales involved in the problem, it is tempting to perform an expansion in the inverse top quark mass. The method which provides a systematic expansion in 1/M t is given by the so-called hard mass procedure (HMP) [17] .
The application of the HMP requires in a first step the identification of all hard subgraphs which contain all lines carrying the large mass and whose connectivity components are one-particle-irreducible with respect to lines corresponding to light or massless particles. These subgraphs have to be expanded with respect to the small masses and the At two-loop level seven diagrams have to be considered. Their calculation would still be feasible by hand. At three loops, however, 69 diagrams contribute and a computation by hand is very painful especially if higher order terms in the 1/M t expansion are considered. The HMP applied to the 69 initial diagrams contributing to δΓ W b results in 234 subdiagrams which have to be expanded in their small quantities. For this reason the program package EXP written in Fortran 90 was developed. It generates all possible subgraphs of a given diagram together with some auxiliary files which allow the computation to be done automatically. The output of EXP can directly be used as input for MATAD [18] and MINCER [19] where the loop integration is performed.
It is possible to separate the diagrams at two-loop level (see Fig. 2 ) into two classes: If the HMP is applied to the diagrams of type (a), (b), (d) or (e) the resulting integrals factorize into massive diagrams with only one mass scale times purely massless ones with external momentum q. For the types (c), (f ) and (g) the HMP also leads to a factorization of the original integral. Here, however, massive one-loop integrals with two different masses and non-vanishing external momentum have to be computed. At threeloop level, where the same classification is valid, in principle even the O(ε) part would be necessary. For this reason we apply the HMP again to these co-subgraphs with the conditions
Here, ξ W is the gauge parameter appearing in the W and φ propagators. Of course, both descriptions must lead to identical final results as the ξ W dependence drops out at the very end. In intermediate steps, however, the expressions which have to be evaluated are different.
At the end q 2 = M 2 Z has to be chosen. Then the above inequalities are seemingly inadequate. However, a closer look to the corresponding diagrams shows that actually (2M W ) 2 , respectively (M W + M t ) 2 , has to be compared with q 2 . The procedure is further-more justified a posteriori as rapidly converging series are obtained from the expansions.
Results
Since we are interested in the virtual effect of the top quark which renders the decay of the Z boson into bottom quarks different from the one into other down-type quarks, in the following the quantity δΓ
is considered. In this difference the counterterm contribution exactly cancels. This means that the renormalized partial decay rate can be written in the form
where δΓ W d is the contribution from the diagrams involving a W boson to the partial decay rate Γ(Z → dd) [11] . Note that besides the 1/ε poles also the dependence on ξ W drops out in the difference δΓ
. For convenience the following notation is introduced:
For δΓ (1) b−d we get: 
with y = 1/(4c
) and l Θ as in Eq. (2) . Note that the successive application of the HMP to the diagrams of class (c), (f ) and (g) (see Fig. 2 ) leads to an expansion in 1/c 2 Θ . However, the coefficients decrease very rapidly which justifies this strategy. Moreover, a W boson in the final state is always accompanied by either another W boson or a top quark. For this reason we choose the variable y for the presentation of the results. Nevertheless, two remarks concerning the expansion in 1/c 2 Θ are in order: First, note that the above series is nested and therefore each order in 1/M 2 t produces an additional power in y. To demonstrate the quality of the convergence all available terms are displayed. Second, one recognizes that the coefficients of the logarithms seem to be truncated series in 1/c 2 Θ , which suggests that they might be exact. These remarks are also taken over to the O(αα s ) corrections given by 
For the definition of the top quark mass, M t , the on-shell scheme has been adopted. With the help of the equation
the transformation to the MS scheme can be performed. There are several checks for the correctness of our results. First of all, our new calculation with the automated HMP provides an independent check of the M 
The first two numbers in Eq. (10) 
One can see that even the contributions of the subleading terms of diagrams arising from a W boson exchange are more important than the corrections resulting from δΓ Z b . Let us finally also give the net effect of the non-factorizable corrections. Adopting a notation analogue to Eq. (4) and using the expansion for δΓ 
This is comparable both to the error on the present experimental value of Γ had and even to the one-loop corrections from the Z boson diagrams (see Eq. (11)). For Γ(Z → bb) the factorization is often performed such that the leading M 2 t term is reproduced correctly. If this is taken into account the deviation corresponding to Eq. (12) reduces to −0.04 MeV which is still larger than the mixed O(αα s ) corrections induced by internal Z bosons (second number in Eq. (11)).
To conclude, the missing non-universal piece to the decay of the Z boson into bottom quarks to O(αα s ) has been computed. An expansion for large top quark mass has been performed and it was demonstrated that only the inclusion of power suppressed terms in 1/M 2 t leads to reliable predictions. The results are presented in a form which allows a simple implementation into program libraries for the description of the Z line shape (see [7] and references therein).
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